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We consider the nonrelativistic case of noncommutative scalar dipole eld theory with a
quartic interaction on a two-dimensional spacetime. The two particle Schro¨dinger equation
is solved and the exact wavefunction of the bound state and associated spectrum are found.
It is seen that the wavefunction has three center positions in the relative coordinates and
the separation of the center is equal to the dipole length L of the dipole eld, exhibiting the
nature of the noncommutative dipole eld.
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In recent a new type a noncommutative product is introduced by considering a system
of Dp-branes in the presence of a constant background Bµν eld with one index along the
branes’ world volume and the other index transverse to it [1,2]. The eld theories dened on
these Dp-branes are also noncommutative, but, in contrast to the Moyal case [3], the space-
time remains commutative. The noncommutativity appears only in the product of functions
and has its origin in the nite dipole length ~L associated to each eld. A supergravity
description of these so called noncommutative dipole theories is presented in [4].
In this short paper we will consider the nonrelativistic case of noncommutative scalar
dipole eld theory with a quartic interaction on two-dimensional spacetime. We solve the
two particle Schro¨dinger equation and nd the exact wavefunction of the bound state. The
wavefunction shows three center positions in the relative coordinates and the separation of
the center is equal to the dipole length ~Li of the dipole eld. This clearly exhibits the dipole
nature of the noncommutative dipole eld theory. Note that the same problem while in
the three-dimensional spacetime noncommutative eld theory (in the Moyal case) has been
investigated in [5]. Note that the simplest space in the Moyal case is two dimensions while
that in the noncommutative scalar dipole system could be only one dimension.
Let us begin with a brief summary about the basic property of the algebra of noncom-
mutative dipole eld. The noncommutative dipole eld theory was rst studied in [6] and
then in [7,8].
First, as in the Moyal case, the noncommutative dipole eld theory can also be dened
by replacing the ordinary product of function by a noncommutative dipole ?-product. To
any dipole eld, φi, we assign a constant space-like dipole length ~Li and dene the \dipole
star product" as






Next, the natural choice for the Tr, similar to the Moyal case, is the integral over the
space-time. Demanding the integral over star products of arbitrary dipole eld to enjoy the
cyclicity condition we shall restrict the integrand to have a total zero dipole length. This
means that the following integral
∫
φ1  φ2      φn =
∫
φn  φ1    φn−1, (2)
serves as the proper Tr, only if the condition
n∑
i=1
~Li = 0, (3)
is satised, where ~Li are the dipole lengths for φi. In the eld theory this condition is
translated into the fact that any term in the proposed action should have a total vanishing
dipole length. Therefore in each vertex, both the sum of the external momenta and the total
dipole length should vanish [6].
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Finally, we also need to dene complex conjugate of a eld and the behavior of the star
product under complex conjugation. Demanding (φy  φ) to be real valued, i.e. φy  φ =
(φy  φ)y, we can xes the dipole length of φy to be the same as that of φ though with a
minus sign. Therefore the dipole length of any real (hermitian) eld, and in particular the
gauge elds, is zero [6]. Not that the noncommutativity in the dipole case is not a property
of space-time, but originating from the dipole length associated to each eld. Thus, the
derivative operator on the dipole eld will behave like the usual derivative [6].





y  ∂µφ− V(φy  φ), (4)
where V(φyφ) is the potential with the products replaced by star products in (1). Using the
cyclicity condition, we can drop the star product in the quadratic part of the action (much
like the Moyal-star product case) and the eects of dipole moments appear only through the
interaction terms. The most general case of quartic interaction V(φy  φ) is [6]
V(φy  φ) = λ0(φy  φ)  (φy  φ)λ1(φy  φ)  (φ  φy), (5)
and therefore
∫
V(φy  φ) =
∫
λ0(φ






The renormalization of the above noncommutative dipole theory has been discussed in [6].
It was shown that the theory, though non-local, would be renormalizable in the usual sense.
We will consider the nonrelativistic limit of the noncommutative dipole scalar eld theory








φy∂2xφ− V(φy  φ)
]
, (7)
in which V(φy  φ) is dened in (6). Following the method in [5] we quantize the system by
the canonical quantization methods imposing the canonical commutation relation
[φ(x), φy(y)] = δ(x− y), (8)











Note that the interaction V in here represents a contact interaction term in the usual sense.
We now construct two particle Schro¨dinger equation by the following manner [5]. The










y(x+ L)φ(x+ L) + 2λ1φ(x)φy(x− L)φ(x− L), (10)
where the time argument of the Schro¨dinger eld operator is suppressed for simplicity. The
two particle wavefunction may be constructed by projecting a generic state ji to two particle
sector, i.e. φ(x, y) = h0jφ(x)ψ(y)ji. Then, using the operator Schro¨dinger equation we can
nd the two particle Schro¨dinger equation,




y)(x, y) + 2λ0δ(x− y)(x, x) + 2λ0δ(y − x)(y, y)+
λ1δ(x− y + L)(x, x+ L) + λ1δ(x− y − L)(x, x − L)+
λ1δ(y − x+ L)(y, y + L) + λ1δ(y − x− L)(y, y − L) (11)







equation (11) in the momentum space becomes











d~q cos(q − ~q) (Q, ~q) + 2λ1
∫
d~q cos(q + ~q) (Q, ~q). (13)
This equation is already diagonal with respect to Q and after setting
(Q, q) = δ(Q− P ) Ψ(P, q) e−i( 14P 2+Er)t, (14)
the Schro¨dinger equation is reduced to





d~q cos(q − ~q) (P, ~q) + 2λ1
∫
d~q cos(q + ~q) (P, ~q). (15)







d~q (P, ~q) + 4λ1cos(qL)
∫
d~q cos(~qL) (P, ~q)
]
. (16)
The above equation can be solved exactly. We rst dene
Ψ(P, q) =
∫
dR dr eiRP eirq Ψ(R, r). (17)
Then, after integrating the both sides for q with the weight factor eirq, equation (16) becomes
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Ψ(R, r) = eiRPψ(r), (18)
with















where R = x+y
2
and the relative position r denotes x − y. We thus get the explicit form
of the position space wavefunction. It is interesting to see that, as ψ(L) = ψ(−L) the
wavefunction in (19) is simply an addition of three function which coming from dierent












yφ)(x−L)(φyφ)(x)) To nd the spectrum of the two particle
bound state, we can set r = 0 and r = L respectively in (19) and then solve the equations.








B + 2λ1pi(1 + e
−2LpB)
. (20)
The wavefunction in (19) and spectrum in (20) are the main results of this paper. From
the above results we see that there in general has three distinguished centers at r = −0, L or
−L in the relative coordinates. However, in the commutative case, λ1 = 0, there is a possible
bounded state with the spectrum
p
B = −4λ0pi and wavefunction has only single center.
This corresponds to the two particle system interacting through an attractive delta force (if
λ0 < 0). For the case with λ0 = 0, the potential in (6) become pure noncommutative dipole
interaction. In this case, when λ1 < 0 there will have a bound state while the associated
wavefunction has two distinguished centers at r = L or −L in the relative coordinate. In
the general case, for some suitable values of λ0 and λ1, (in which at least one of them must
be sucientally negative) we still could have (and at most) a bound state. The associated
wavefunction has three distinguished centers. This behavior signaling the nature of the eld
theories with noncommutative dipole length.
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